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ABSTRACT

The correspondence among the following three forecast verification scores, based on forecasts and their
associated observations, is described: 1) the correlation score, 2) the root-mean-square error (RMSE) score,
and 3) the Heidke score (based on categorical matches between forecasts and observations). These relationships
are provided to facilitate comparisons among studies of forecast skill that use these differing measures.

The Heidke score would be more informative, more “honest,” and easier to interpret at face value if the
severity of categorical errors (i.c., one-class errors versus two-class errors, etc.) were included in the scoring
formula. Without taking categorical error severity into account the meaning of Heidke scores depends heavily
on the categorical definitions (particularly the number of categories), making intercomparison between Heidke
and correlation (or RMSE) scores, or even among Heidke scores, quite difficult.

When categorical error severity is taken into account in the Heidke score, its correspondence with other
verification measures more closely approximates that of more sophisticated scoring systems such as the exper-

imental LEPS score.

1. Definitions and descriptions of three verification
measures

Researchers have a wide choice regarding the quan-
titative evaluation of forecast skill in the results of their
prediction studies. The correlation coefficient, the root-
mean-square error, and the Heidke score are three
commonly selected measures, among many others. In
this section these are defined and briefly described, and
the correlation coefficient and root-mean-square error
are interrelated. In later sections the focus is placed
largely on the relationship between the correlation and
Heidke scores. Following a discussion about modifying
the Heidke score to reduce the discrepancy with the

" correlation, a quick examination of the correspondence
between the correlation and the linear error in prob-
ability space (LEPS) score (Ward and Folland 1991)
is provided. The discussion applies primarily to con-
tinuous underlying variables.

a. Correlation coefficient

One possible choice of a forecast verification measure
is the correlation coeflicient, which describes the
strength of the linear relationship between forecasts and
corresponding observations. The correlation may be
computed over a period of record, over a spatial do-
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main for a single forecast, or a combination of both.
It is a continuous parameter—that is, it is sensitive to
the finest details of each forecast versus observed case.
If the forecasts (f) and observations (o) are
standardized® (resulting in zero means and unit stan-
dard deviations) and denoted as zrand z,, the coeffi-
cient of correlation between fand o, ry,, is defined as

N
Iro = Z(Zf,-zo,-)/N (n
i=1

where N is the number of time elements if the corre-
lation is temporal, space elements (e.g., grid points or
stations) if it is spatial, or a combination over both
dimensions. The i denotes the element number. The
correlation would not be different if computed without
first standardizing fand o; however, the complete cor-
relation formula would be required in which standard-
ization is accomplished using the means and standard
deviations of fand o0.? If there were an exact linear

! As described in most statistical references, a set of forecasts or
observations is standardized by first computing its mean and its stan-
dard deviation. The standard deviation equals the square root of the
mean of the squared differences between each member of the set and
the mean. Each member is then standardized by subtracting the mean,
and then dividing by the standard deviation. For samples of 100 or
fewer that do not contain extreme outlier values, standardized values
typically fall within the —3 to +3 range.

2 As an example of an exception, standardization is not accom-
plished exactly when means and standard deviations of o, or of both
fand o, are set to those of a relatively longer period of record than
that used for the correlation calculation; that is, the sample means
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functional relationship between forecasts and obser-
vations (implying perfect forecast skill), the correlation
would be at its maximum possible value of 1.0; if there
were no linear predictability whatsoever, it would be
zero. In the real world of forecasting, the correlation
is usually found to be at an intermediate value that
describes, within a linear framework, the quality or
relative accuracy of the forecasts in the sample. In the
case of a nonlinear relationship, the correlation can
underestimate forecast skill significantly, as when the
forecasts and observations contain wavelike patterns
that are partly out of phase (sine and cosine, for ex-
ample). On the other hand, while less commonly found
in practice, the correlation also can overrepresent fore-
cast accuracy. For example, the correlation is not af-
fected by the amplitude of the original (unstandard-
ized ) forecasts, which makes high correlations possible
even when the set of forecasts rather uniformly tend
to be too weak or too strong.

b. Root-mean-square error

Another verification' measure is the root-mean-
square error (RMSE )3, which is defined in the context
of, as before, standardized variables as the square root
of the mean of the squared differences between cor-
responding elements of the forecasts and observations:

N
RMSE;, = [ 3 (24 — 2,)%/N]'"2.

i=1

(2)

There is an exact one-to-one relationship between the
correlation coefficient and the RMSE parameter when
the latter is formed using standardized forecasts and
observations. This nonlinear relationship, shown
graphically by curve A in Fig. 1, is given by

RMSE,, = [2(1 — r,)]"2. (3)

When r = 0, which occurs when forecasts are perfectly

random with respect to the observations, the RMSE

score is V2 = 1.41—a less favorable outcome than when
uniform climatology forecasts (i.e., z; = 0 for all i)
are issued, in which case ry, is not computable (because
the standard deviation of fis zero, and z,is undefined)
but RMSE,, computed using (2) would equal 1.00. A
commonly used reference of minimum usable forecast
skill requires that RMSE;, < 1.00 (Hollingsworth et

and standard deviations are not used because the longer-term statistics
are considered to be better estimates. This has been done for certain
versions of the spatial anomaly correlation (Miyakoda et al. 1972;
- Saha and Van den Dool 1988). While reasons for choosing this version
of calculation of the correlation are well grounded, the resulting coef-
ficient is a “partial” (not to be confused with a true partial correlation)
rather than total or conventional correlation coefficient, and thus
may not obey some of the relationships highlighted here.
3 The Brier score (Brier and Allen 1951) is essentially the square
of the RMSE—that is, the MSE. However, it was intended for ap-
plication to probability forecasts rather than point value forecasts.

WEATHER AND FORECASTING

VOLUME 7

RMSE VS CORREL

RMSE
5

0.8

0.6

0.4 [y

0.2 . . . ‘ . ‘ *

0.0 . — -
-0.2 0.0 0.z 0.4 0.6 0.8 1.0
CORRELATION

F1G. 1. Root-mean-square error (RMSE) as a function of corre-
lation for standardized sets of forecasts and observations (curve A),
and for same except that the forecasts have been damped and possibly
sign reversed by multiplying by r;,—i.e., the correlation between
forecasts and observations (curve B).

al. 1980), which corresponds to r;, = 0.50 (Roads
1986) as noted in curve A in Fig. 1. For nonstandard-
ized fand/or o, (2) is still used to compute RMSE,
but the relationship to the correlation r;, becomes

(4)

where srand s, are the standard deviations of the sets
of forecasts and observations, respectively, and b is the
forecast bias, defined as the mean of fminus the mean -
of 0. The contribution of this overall bias and of more
subtle biases [ conditional, or differential, biases, which
would weaken 4, in (4)] to the RMSE score is ex-
amined in detail in Murphy and Epstein (1989). When
fand o are standardized, b becomes zero, sy and s,
become unity, and (4) reduces to (3). In the unstan-
dardized case, differences in the relative amplitude of
the set of forecasts versus that of the observations in-
crease the RMSE score (i.e., show up as poorer skill)
but do not affect the correlation score, which is sensitive
only to the temporal (and/or spatial) phasing of the
forecasts with the observations.

The RMSE scores corresponding to 7y, < 1.00 (al-
most all of curve A in Fig. 1) can be reduced by uni-
formly damping the amplitude of the set of imperfect
forecasts (i.e., reducing s;) by multiplying each by 77,:

di = fityo, (5)

where d denotes a damped forecast. (We discuss how
17, 1s known before the forecasts are verified shortly.)
Note that if =1 < r, < 0, (5) not only damps the -
forecasts but also reverses their sign, eliminating the
tendency for forecasts and observations to have op-
posite sign. Following the damping/sign correction
process, RMSE must be computed using (4) because

RMSEy, = [s} + 53 — 25/5,77, + b?]'/2,

i=1toN,
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d is not standardized. For the sake of simplicity, we
assume that s, remains unity and b remains zero:

RMSE,, = [s2 + | — 2s474]"2.

Because s, equals r;, and r,4, equals %7y, this expression
can be rewritten as

"RMSE,, = [1 — r%,]"2 (6)
The relationship described by (6) is shown as curve B
in Fig. 1. All sets of forecasts having nonzero RMSE
scores benefit from damping and/or sign reversal, after
which the maximum RMSE of 1.00 occurs at 7y,
= 0.00, equaling the RMSE of uniformly issued cli-
matology forecasts (i.e., z; = 0 for all i) because the
damping process reduces the original random forecasts
to exactly that [i.e., d; = 0 in (5); the forecast amplitude
becomes zero]. By contrast, the correlation coefficient
is not changed by the uniform damping (provided that
the forecasts are not damped completely to zero am-
plitude), but a sign change would beneficially change
an originally negative correlation.

It may seem peculiar to assume knowledge of ry,
(the damping factor) before forecast verification, when
17, is determined in the verification. When a regression
model is used to describe the fversus o relationship in
a hindcast mode (i.e., all f; and their corresponding o;
are known), 7y, is computed and then automatically
used to damp the forecasts that then may be used for
the computation of RMSE/,. When forecasts are issued
for independent cases (future times or any times for
which o is not, or cannot be, used to develop the f
versus o relationship), r, is estimated using only the
sample over which both f; and the corresponding o;
are used (called the development sample). Because ry,
is only an approximation of what it would be if the
independent case(s) were included, the damping factor
is not exactly optimal, and the success of the forecasts
applied to the independent cases is expected to be
somewhat less than that described by ry, based on the
development sample (Davis 1976). In fact, when the
development sample size is small (e.g., <20) and the
unknown population value of 7, is high (>0.75), there
is a nonnegligible chance that the damping factor will
be misrepresented (underestimated ) to the extent that
the RMSE is actually increased (due to overdamping)
from its value for undamped forecasts.

When procedures other than regression are used to
produce forecasts for independent cases (e.g., in nu-
merical weather prediction ), damping may not be done
automatically and application of (5) can be done
“manually” based on a best estimate of ry,. On the
other hand, there are times when damped forecasts
and the accompanying minimization of RMSE are not
desired—perhaps because forecasts would be too con-
servative. In such cases forecast restandardization can
be carried out, and a correlation score or Heidke score
can be used as the skill measure.
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¢. Heidke skill score

Forecasts are expected to be only roughly accurate
for difficult parameters such as precipitation amount
in 2+-day forecasts, or a time-mean forecast at long
projection times. In such cases, a set of forecasts and
their associated observations sometimes are converted
to categories (such as below, near, or above normal for
temperature ) and scored as the number of categorical
matches (i.e., correct forecasts) compared with that
expected by chance alone. The rationale behind this
conversion is, perhaps, that because only rough fore-
casting capability is expected, the precision of a con-
tinuous measurement tool such as the correlation coef-
ficient or RMSE is unnecessary. (We leave aside
whether this is a wise course of action.) One commonly
used categorical verification score is the Heidke score
(Heidke 1926), defined as:

Heidke = (H — E)/(N — E), (7)

where H is the number of categorically correct forecasts
(“hits”), N is the total number of forecasts issued (over
time, space, or both), and F is the number of categor-
ically correct forecasts expected by chance in the ab-
sence of any forecasting skill. This score can be com-
puted for any number of categories. It is defined such
that a perfect set of forecasts (i.e., all categorical hits)
would be scored as 1.00, a set of random forecasts
would have an expected score of zero, and sets of fore-
casts having fewer hits than would be expected by
chance would have negative scores. A number of mea-
sures similar to the Heidke score have also been used.
For example, one of the scores used in Van den Dool
and Toth (1991) is identical except that E does not
appear in the denominator. Highly related scores are
the performance index (Daan 1985; Hanssen and Kui-
pers 1965) and the Gringorten skill score (Gringorten
1965). Although the Heidke score behavior is most
easily described using equally probable categories (such
as three defined equally likely temperature categories—
cold, near normal, and warm), the score can be applied
to any categorical configuration, including highly
asymmetric categories (as in Klein and Charney 1992),
as long as F is determined properly. An examination
of categorical skill measures used for asymmetric, in-
herently discrete categories such as those associated
with the occurrence of rare weather events is found in
Doswell et al. (1990). As one might expect, there is
much in common between categorical skill measure-
ment of discrete variables and continuous variables that
are forced into categories. ‘

As defined in (7), the Heidke score is insensitive to
the severity of errors (in terms of the number of cat-
egories involved in a “miss”) when more than two cat-
egories are used. For example, for three categories, two-
class errors (e.g., forecasting cold when warm is ob-
served) are not differentiated from one-class errors.
This characteristic turns out to play an important role
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TABLE 1. Some characteristics of the Heidke score for 2, 3, 4, and 5 equally likely categories. Only hits are credited;
all misses count equally.
. Randomly expected
Minimum score probability
(no hits; all Equitable Standardized
Number of equally misses count (EY scoring class limit
likely categories equally) Hit Miss system? cutoffs
2 —1.000 .500 .500 yes .0000
3 ~.500 333 667 yes +.4307
4 -.333 .250 750 yes .0000, +.6745
5 -.250 .200 .800 yes +.2533, +.8418

!'The “E” used in Eq. (7) is the product of the value given here and the sample size of the forecasts, N.

in the comparison with correlation scores, as illustrated
in the following section.

2. Characteristics of Heidke score for equally
probable categories, and expected correspondence
to correlation score

Table 1 presents some characteristics of Heidke
scores for the cases of 2, 3, 4, and 5 equally probable
categories. While zero is the expected score in the ab-
sence of any forecast skill for all cases, the minimum
score (obtained when there are no hits)is —1/(k— 1)
where k is the number of categories. Table 1 also pre-
sents probabilities, given random (no skill) forecasts,
for a categorical hit and a miss. The value of E in (7)
is based on the expected probability of a hit for a single
random forecast trial (column 3 in Table 1). It is worth
noting that for equally probable categories, the Heidke
score is an equitable skill score (Gandin and Murphy
1992) in that the probability of random success is con-
stant regardless of which category is forecast. This de-
sirable feature permits forecasters to choose categories
on more purely meteorological grounds, as opposed to
“playing the odds™ of a system with built-in biases.
Finally, Table 1 lists the boundaries between the equally
likely categories for standardized, assumed Gaussian
forecasts and observations. The information in Table
1 is easily computable for higher numbers of equally
likely categories and for unequally likely categories,
which are mostly not examined in this study.

Figure 2 illustrates a case of 16 forecasts (ordinate)
and their associated observations (abscissa) in both a
correlational and a 3-class Heidke score context. The
" cutoffs for standardized f and o allowing for three
equally likely categories in an overall sense are deter-
mined using the area under the Gaussian (normal)
distribution; they are +0.431, as shown in Table 1.
( Another option would be to form these limits on the
basis only of rank within the distribution—i.e., use ter-
cile cutoffs.) The correlational aspect in the Fig. 2 il-
lustration is reflected in the shape of the cloud of points
in the scatterplot, which produces a 0.38 correlation
in this case. The Heidke score is determined by the
number of points (denoted by crosses) falling into the

lower left, the center, or the upper right squares, rep-
resenting categorical matches. In this case the number
of hits is 8, compared with 5.33 (i.e., 16/3) hits ex-
pected by chance, producing a Heidke score of 0.25.
A certain degree of correspondence between corre-
lation and Heidke scores is to be expected, because
high correlations would require very linear relation-

-ships in which a high proportion of the points would

be positioned in one of the three categorically matching
sectors. However, there is some uncertainty in the re-
lationship between the two scores. For example, with
only small locational changes, points near the cate-
gorical boundaries can be moved into nearby parts of
adjacent sectors without affecting the shape of the scat-
terplot (which determines the correlation) very much
but changing the number of matches (which deter-
mines the Heidke score) by a greater proportion. Also,
changes from 1-class to 2-class errors on the parts of
several forecasts might occur with large positional
changes in some of the points in the scatterplot, which
would be reflected in a noticeably lower correlation
score but an unchanged Heidke score. Lack of exact

CORRELATION AND NUMBER OF HITS

2.5 [T

FORECAST
(=]
=]

-2, -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 L5 2.0 25
OBSERVATION

FIG. 2. Observation versus forecast scatterplot for N = 16, illus-
trating the correspondence of the correlation coefficient of 0.38 and
the Heidke score ( based on number of categorical matches in a three-
equally-likely categorical system; note the crosses) of 0.25.
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correspondence between Heidke and correlation scores
is caused by 1) the discrete character of the Heidke
versus the continuous character of the correlation score,
2) the crudeness of Heidke error scoring (scoring all
misses equally, regardless of severity) versus the linear
precision of correlation error scoring, and 3) the linear
keying of errors by the Heidke score (whether error
severity is acknowledged or not) versus the quadratic
keying of errors in a correlation model (i.e., error out-
liers greatly affect the regression fit and the resulting
correlation score).

3. Correspondence between correlation and Heidke
skill scores

Figure 3 displays the mean and the variability of the
correspondence between the correlation score and the
Heidke score for 2, 3, 4, and 5 equally probable cate-
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gories in parts a, b, ¢, and d, respectively. The rela-
tionships are derived using iterative sampling of a fixed
sample size (N) of forecasts and accompanying obser-
vations (in this case, N = 64) from a Gaussian random
number generator. The mean correlation between
forecasts and observations using this data source is zero,
and the variability is such that correlations of absolute
value greater than 0.2 occur only about 10% of the
time. Higher-magnitude correlations of either sign are
produced, however, using a secondary iterative pro-
cedure for each drawn sample. This procedure consists
of systematically modifying the initial correlation by
moving each observation versus forecast (o, f) point
closer to or farther away from the 45° o = f line
along its perpendicular to that line by a fixed proportion
of its initial perpendicular distance from the line. In
other words, the scatterplot (such as the one shown for
N = 16 in Fig. 2) is either compressed with respect to
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F1G. 3. Heidke score as a function of correlation score for (a) two, (b) three, (c¢) four, and (d) five equally likely categories, based on a
large number of simulations using a random number generator. The solid curve represents mean results, the short-dashed curves the plus-
and minus-one standard deviation interval, and the long-dashed curves the maximum and minimum results.






