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ABSTRACT

Two fundamental characteristics of forecast verification problems—complexity and dimensionality—are
described. To develop quantitative definitions of these characteristics, a general framework for the problem of
absolute verification (AV) is extended to the problem of comparative verification (CV). Absolute verification
focuses on the performance of individual forecasting systems (or forecasters), and it is based on the bivariate
distribution of forecasts and observations and its two possible factorizations into conditional and marginal
distributions.

Comparative verification compares the performance of two or more forecasting systems, which may produce
forecasts under 1) identical conditions or 2) different conditions. The first type of CV is matched comparative
verification, and it is based on a 3-variable distribution with 6 possible factorizations. The second and more
complicated type of CV is unmatched comparative verification, and it is based on a 4-variable distribution with
24 possible factorizations,

Complexity can be defined in terms of the number of factorizations, the number of basic factors (conditional
and marginal distributions) in each factorization, or the total number of basic factors associated with the
respective frameworks. These definitions provide quantitative insight into basic differences in complexity among
AV and CV problems. Verification problems involving probabilistic and nonprobabilistic forecasts are of equal
complexity.

Dimensionality is defined as the number of probabilities that must be specified to reconstruct the basic
distribution of forecasts and observations. It is one less than the total number of distinct combinations of
forecasts and observations. Thus, CV problems are of higher dimensionality than AV problems, and problems
involving probabilistic forecasts or multivalued nonprobabilistic forecasts exhibit particularly high dimensionality.

Issues related to the implications of these concepts for verification procedures and practices are discussed,
including the reduction of complexity and/or dimensionality. Comparative verification problems can be reduced
in complexity by making forecasts under identical conditions or by assuming conditional or unconditionat
independence when warranted. Dimensionality can be reduced by parametric statistical modeling of the dis-
tributions of forecasts and/or observations.

Failure to take account of the complexity and dimensionality of verification problems may lead to an incomplete
and inefficient body of verification methodology and, thereby, to erroneous conclusions regarding the absolute
and relative quality and/or value of forecasting systems.
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1. Introduction

In recent years, fundamental concepts and issues re-
lated to the problem of forecast verification have re-
ceived some attention in the meteorological literature.
For example, Murphy and Winkler (1987) (hereafter
MW?87) described a general framework for (absolute)
forecast verification. This framework is based on the
joint distribution of forecasts and observations, and it
provides the basis for a coherent approach to verifi-
cation procedures and practices. In particular, it led to
the development of diagnostic verification, an approach
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that provides detailed insight into the basic character-
istics of forecasting performance (Murphy et al. 1989).
The extension of the framework for absolute verifica-
tion to the more complicated problem of comparative
verification has been sketched by Murphy (1989, pp:
94-95).

With regard to basic characteristics of verification
problems, it has long been recognized that some veri-
fication problems are more complicated than others.
For example, the problem of comparing the perfor-
mance of two or more forecasting systems (or fore-
casters) is inherently more “complex™ than the prob-
lem of evaluating the performance of an individual
system (forecaster). Moreover, it is intuitively under-
stood that verification. of multicategory forecasts is
necessarily more difficult than verification of 2-category
forecasts. The “dimensionality” of the former, in terms
of the number of different combinations of forecasts
and observations, is higher than that of the latter, Cur-
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rently, however, complexity and dimensionality are ill-
defined concepts in the context of forecast verification,
and the implications of these concepts for verification
procedures and practices remain unclear.

The primary purposes of the present paper are 1) to
provide quantitative definitions of the concepts of
complexity and dimensionality in this context and 2)
to discuss their implications for verification procedures
and practices. To accomplish these objectives the
framework for absolute verification is extended to the
problem of comparative verification, and the frame-
work for the latter is described in some detail. Explicit
recognition of the complexity and dimensionality of
verification problems is an important first step in the
process of developing a coherent, adequate (or com-
plete), and insightful body of verification methodology.

Section 2 describes the complexity of several veri-
fication problems. To provide a rationale for the quan-
titative definitions of complexity proposed here,
frameworks for both absolute and comparative veri-
fication are outlined in this section. The dimensionality
of verification problems is defined in section 3, and
examples of verification problems are presented to il-
lustrate the concept of dimensionality. Issues related
to the implications of these concepts for verification
procedures and practices are discussed in section 4.
These issues include the dangers of ignoring complexity
and dimensionality, possible ways of reducing the
complexity and dimensionality of verification prob-
lems, and the implications of the concepts for verifi-
cation datasets. Section 5 consists of a summary and
some concluding remarks.

2. Complexity of verification problems

a. Absolute verification

In the case of absolute verification (AV) we are con-
cerned with the performance of an individual fore-
casting system (or forecaster). A general framework
for the AV problem is described in MWS87. This
framework is based on the joint distribution of forecasts
and observations p( f, x), where fdenotes the forecasts
and x denotes the observations. The distribution
p(f, x) contains all of the nontime-dependent infor-
mation relevant to forecast verification (i.e., all of the
information—except the time order of the forecast-
observation pairs—that is required to determine the
statistical characteristics of the forecasts, the observa-
tions, and their relationship).

As described in MW87, the bivariate distribution
p(f, x) can be factored into conditional and marginal
distributions in two ways:

p(f, x) = p(x |/)p(f) (1)

and

p(f, x) = p(f| x)p(x), (2)
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where p(x |f) represents the conditional distributions
of the observations given the forecasts, p(f| x) repre-
sents the conditional distributions of the forecasts given
the observations, p(f) represents the marginal distri-
bution of the forecasts, and p(x) represents the mar-
ginal distribution of the observations. These condi-
tional and marginal distributions provide access to the
information contained in the joint distribution. The
expressions in (1) and (2) generally are referred to as
the calibration-refinement (CR) and likelihood-base
rate (LBR) factorizations, respectively, of the distri-
bution p(f, x) (see MW87).

The practice of AV can be said to be adequate if it
is based on a body of methodology that permits recon-
struction of the bivariate distribution p(f, x). For ex-
ample, in the case of probabilistic forecasts for a 2-
category variable (e.g., precipitation /no precipitation),
AV based on an examination of p(x |f)—the calibra-
tion (or reliability) function—and p(f)—the refine-
ment (or sharpness) function—is adequate (see
MW387), since p(f, x) can be reconstructed from these
conditional and marginal distributions. On the other
hand, AV based solely on a measure of overall forecast
accuracy such as the Brier score (BS) (Brier 1950) is
inadequate, since knowledge of the BS generally is not
adequate to reconstruct the joint distribution.

Since verification practices based on either factori-
zation can be adequate, these factorizations could be
viewed as the bases of alternative approaches to AV.
However, the two factorizations involve factors (i.e.,
distributions) that provide information regarding dif-
ferent characteristics of the forecasts, the observations,
and their relationship (see MW87). Thus, it is more
appropriate to view the CR and LBR factorizations as
the bases of complementary approaches to AV. Of
course, since the two factorizations are derived from
the same bivariate distribution, the respective sets of
factors are related, and complete knowledge of one set
allows reconstruction of the other set (via the joint
distribution ). Nevertheless, in order to obtain a com-
plete (as opposed to an adequate) assessment of fore-
casting performance, it is necessary to examine the dis-
tributions associated with both factorizations (as well
as the bivariate distribution itself).

b. Comparative verification

When two or more forecasting systems (or fore-
casters ) are compared, it is important to recognize that
the two sets of forecasts may have been made under
identical conditions or under different conditions (the
phrase ‘“identical conditions” implies the same fore-
casting situations, weather variable, geographic loca-
tion, lead time, etc.). Since these circumstances can
have a profound influence on the complexity of com-
parative verification (CV), it is necessary to distinguish
between the two situations. The former is referred to
as matched comparative verification (MCV) and the
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latter is referred to as unmatched comparative verifica-
tion (UCV).

In describing the basic distributions for MCV and
UCYV, and the factorizations of these distributions into
conditional and marginal distributions, it will be useful
to distinguish between composite factors and basic fac-
tors. Composite factors are distributions (conditional /
unconditional ), such as p(f, x) in AV, that can be
decomposed into other distributions. On the other
hand, basic factors are distributions (conditional/
marginal), such as p(x | ) and p(f) in AV, that cannot
be decomposed into other distributions. The distinction
between these two types of factors will become clear
in the following paragraphs.

Matched comparative verification. In this case we
are concerned with two forecasting systems that for-
mulate forecasts under identical conditions. The vari-
ables of interest here are two sets of forecasts, fand g
(for convenience, fand g are sometimes referred to as
the type 1 and type 2 forecasts), and the corresponding
set of observations x. The basic framework for this
problem is the 3-variable (or trivariate) distribution
p(f, g, x). This distribution contains all of the nontime-
dependent information relevant to MCV (i.e., non-
time-dependent information regarding the statistical
characteristics of the forecasts, the observations, and
the relationships among the two types of forecasts and
the observations).

The distribution p(f, g, x) can be factored into con-
ditional and marginal distributions in 6 (=3!) distinct
ways:

p(f, & x) = p(x|f, &)p(g | p(f), (3)

p(f, & x) = p(x|f, 8)p(f|g)p(g), (4)

p(f, &, x) = p(g|f, x)p(x |f)p(f), (5)

p(f, & x) = p(g|f, x)p(f1x)p(x), (6)

p(f, & x) = p(flg, x)p(x|g)p(g), (7)
and

p(f. & x) = p(flg, x)p(glx)p(x),  (8)

where p(x |f, g) represents the conditional distributions
of the observations given both types of forecasts, p(g | /)
represents the conditional distributions of the type 2
forecasts given the type 1 forecasts, p(f) represents the
marginal distribution of the type 1 forecasts, etc. In
(3)-(8) the factorizations are expressed in terms of
basic factors. The process of deriving these expressions
involves two steps: 1) decomposition of p(f, g, x) into
composite factors and basic factors and 2) decompo-
sition of the composite factors obtained in step 1) into
basic factors. For completeness, the intermediate
expressions obtained in step 1) are included in appen-
dix A. This appendix also briefly describes the rela-
tionship between the expressions in (3)-(8) and these
intermediate expressions.
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The practice of MCV is adequate if it is based on
methodology that permits reconstruction of the tri-
variate distribution p(f, g, x). Thus, verification pro-
cedures based on any of the six factorizations of
p(/f, g, x) can be adequate. In addition, it is important
to recognize that MCV necessarily involves consider-
ation of the relationship between the two types of fore-
casts. For example, if MCYV is based on the factorization
described by (3), then the conditional distributions of
the observations given both types of forecasts,
p(x|f, g); the conditional distributions of the type 2
forecasts given the type 1 forecasts, p(g |f); and the
marginal distribution of the type 1 forecasts, p(f), must
be considered (and/or the verification methodology
used must permit reconstruction of these distribu-
tions). In general, however, MCV based on the two
bivariate distributions of the forecasts and observations,
p(f, x) and p(g, x), and the factors (conditional and
marginal distributions) associated with their respective
factorizations would be inadequate.

Since the framework for MCV admits six factori-
zations, six different (but not unrelated) approaches
to this problem can be taken. As noted earlier in the
case of AV, these approaches involve different distri-
butions (in some cases) and thereby focus on different
attributes or characteristics of the two types of forecasts,
the corresponding observations, and their relationships.
Thus, a complete MCV would involve examination of
all of the conditional and marginal distributions as-
sociated with the six factorizations. Of course, some
approaches may possess more (or less) intuitive appeal,
or may be more meaningful or useful than others for
particular purposes. For example, the approaches as-
sociated with the factorizations (3)and (4), or (6) and
(8), would appear to be of particular interest, since
they represent bivariate analogues of the CR and LBR
factorizations, respectively, in absolute verification [see
(A1) and (A6)].

In view of the attention devoted recently to the suf-
ficiency relation in the context of comparative evalu-
ation (e.g., see Ehrendorfer and Murphy 1988; Krzysz-
tofowicz and Long 1991; Murphy and Ye 1990), it
may be appropriate to discuss briefly its relationship
to MCYV as described here. According to the sufficiency
relation, the forecasts fare sufficient for the forecasts
g if it can be shown that the latter can be derived from
the former by a stochastic transformation. In effect,
the sufficiency relation involves the distributions
p(f]x), p(gl x), and p(g |f). The importance of the
sufficiency relation resides in the fact that if the forecasts
[ are sufficient for the forecasts g, then all users will
prefer fto g. However, this approach to comparative
evaluation ignores the marginal distribution of the ob-
servations, p(x). Thus, from the point of view of em-
ploying verification methodology that permits recon-
struction of the basic distribution for MCV [i.e.,

p(f, g, x)], the sufficiency relation is inadequate.
Unmatched comparative verification. In this case we
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are concerned with two forecasting systems that for-
mulate forecasts under different conditions. The vari-
ables of interest are the two types of forecasts, fand
g, and the corresponding types of observations, x and
¥, respectively (x and y are referred to as the type 1
and type 2 observations). The basic framework for this
problem is the 4-variable distribution p(f, g, x, y). As
in the other cases (AV and MCV), the distribution
p(f, g, x, y) contains all of information relevant to
UCV (i.e., all of the nontime-dependent information
required to describe the statistical characteristics of both
types of forecasts, both types of observations, and their
relationships).

The distribution p(f, g, x, y) can be factored into
conditional and marginal distributions in 24 (=4!) dis-
tinct ways:

r(f, & x,y) = p(y|f, g x)p(x |f, &)p(g | )p(f),

(9)

p(f, g x,y)=pWy|f, & x)p(x|f, &)p(f|8)p(g),
(10)

p(f, 8 x,y) = p(ylf, g, x)p(g\f, x)p(x |f)p(f),
(11)

p(f. g x,y) = p(ylf, & x)p(gf, x)p(f| x)p(x),
(12)

p(f, & x,y)=pWy|f, g x)p(flg, x)p(x| g)pr(g),
(13)

r(f, & x,y)=pWy|f, & x)p(f1g, x)p(gl x)p(x),
(14)

p(f, & x,¥)=px|\f, & ip(y f, &p(g | NHp(f),
(15)

r(f, 8 x,y)=p(x\f, & v)p(y If, &)p(f18)r(g),
(16)

p(/, g x,y) = p(x|f, & v)p(e |f, ey 1 p(f),
(17)

r(f, 8 x,y) = p(x|f, & V)p(g |f, VIio(f1»)p(¥),
(18)

p(f. g x,y)=p(x|f, & Y)p(flg, vIp(¥| &)p(8),
(19)

p(f, 8, x,y)=p(x|f, g v)p(flg, yIp(gl¥)p(y),
(20)

p(f, & x,y) = p(elf, x, V) p(¥ If, x)p(x |/ )p(f),
; (21)

p(f, & x,y)=pglf, x, Ip(y If, x)p(f] x)p(x),
(22)

p(f, & x,y)=p(glf, x, vIp(x |f, oy 11)p(f),
(23)
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p(f, & x,y)=pglf, x, p(x |f, »)p(f1y)p(f),

(24)
p(f, & x,y)=p(g|f, x, )p(f1x, »)p(¥| x)p(x),
(25)
p(f, &, x,y) = p(g\f, x, p(f1x, v)p(x| ¥)p(»),
(26)
p(f, g x,¥) = p(flg. x, y)p(¥| g, x)p(x|g)p(g),
(27)
p(f, g, x,y)=p(flg, x, y)p(¥l g, x)p(g| x)p(x),
(28)
p(f, g x,y)=p(flg, x, y)p(x|g, y)p(yg)p(g),
(29)
r(f. & x,y)=p(flg, x, y)p(x|g, y)p(gly)p(¥),
(30)
p(f. g x,y)=p(flg, x, y)p(glx, y)p(¥| x)p(x),
(31)
and
p(f, g x,y)=p(flg, x, y)p(glx, y)p(x|y)p(¥),
(32)

where p(y |f, g, x) represents the conditional distri-
butions of the type 2 observations given both types of
forecasts and the type 1 observations, p(x |f, g) rep-
resents the conditional distributions of the type 2 ob-
servations given both types of forecasts, p(g |f) rep-
resents the conditional distributions of the type 2 fore-
casts given the type 1 forecasts, p(f) represents the
marginal distribution of the type 1 forecasts, etc.

As in the case of MCV, the factorizations of
p(f, &, x, y) in (9)-(32) are expressed in terms of
basic factors. The process of deriving these expressions
involves three steps in which the basic distribution is
decomposed into composite (or composite and basic)
factors in step 1, into composite and basic factors in
step 2, and then into basic factors in step 3. For com-
pleteness, the intermediate expressions obtained in
steps 1 and 2 are reproduced in appendix B. This ap-
pendix also briefly describes the relationship between
the expressions in (9)-(32) and these intermediate
expressions.

The practice of UCV is adequate if it is based on
methodology that permits reconstruction of the 4-vari-
able distribution p(f, g, x, ¥). Thus, verification prac-
tices based on any of the 24 factorizations of
p(f, &, x, y) can be adequate. In this regard, it should
be noted that UCV necessarily involves relationships
between the two types of forecasts, between the two
types of observations, and among the types of forecasts
and observations. Once again, it is generally not ade-
quate to consider only the bivariate distributions
p(f, x) and p(g, y) when undertaking comparative
verification in this context.
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Thus, 24 different (but related ) approaches to UCV
are available. As in the case of MCV, these various
approaches focus on different characteristics of the basic
variables (i.e., f, g, x, and y) and their relationships,
and some approaches may prove to be more useful
than others. The relative merits of the different ap-
proaches warrant further study, but such investigations
are beyond the scope of this paper.

¢. Complexity

Comparison of the frameworks for AV, MCV, and
UCYV provides insight into the complexity (C) of these
verification problems. Three characteristics of these
frameworks can be readily identified: 1) the number
of factorizations of the basic distribution (Cr); 2) the
number of basic factors in each factorization (Cpf);
and 3) the total number of basic factors (Cypr). These
characteristics of the frameworks for AV, MCV, and
UCYV are summarized in Table 1a. Note that Cgr also
is equal to the number of variables involved in the
basic distribution.

The complexity of the AV problem can be described
by noting that its basic distribution, p(f, x), admits
two factorizations (Cr = 2), that each factorization
involves two basic factors (Cgr = 2), and that the two
factorizations involve a total of four basic factors (Cypr
= 4)—namely, two sets of conditional distributions,
p(x |f) and p(f]| x), and two marginal distributions,
p(f) and p(x). Numerical values for these character-
istics of the AV problem appear in Table 1a, and they
provide a quantitative description of the complexity of
this problem. The choice of a particular characteristic
(or subset of characteristics ) to describe the AV prob-
lem depends on the perspective that is taken. On the
one hand, since each factorization provides the basis
for a coherent and adequate approach to the verifica-

TABLE 1. (a) Characteristics of complexity of frameworks for
absolute verification (AV), matched comparative verification (MCV),
and unmatched comparative verification (UCV). (b) Nature of basic
factors associated with frameworks for AV, MCV, and UCV, described
in terms of number of factors with k conditioning variables. See text
for additional details.

Number of basic Total number
Number of factors in each of basic
factorizations factorization factors
(@) (Cr) (Csr) (Crar)
AV 2 2 4
MCvV 6 3 12
UCv 24 4 32

Number of basic factors with & conditioning variables

(b) k=0 k=1 k=2 k=3 Total
AV 2 2 0 0 4
MCV 3 6 3 0 12
ucv 4 12 12 4 32
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tion problem, the complexity of this problem could be
characterized by Cpr (=2). On the other hand, if the
perspective is taken that it is necessary to explicitly
examine all of the basic factors to perform a complete
verification, then the problem could be characterized
by Crpr (=4).

In the case of CV, the numerical values in Table la
indicate that MCV involves 6 factorizations, 3 basic
factors in each factorization, and a total of 12 basic
factors. On the other hand, UCV involves 24 factori-
zations, 4 basic factors in each factorization, and a total
of 32 basic factors. Comparison of these numbers with
the corresponding numbers for AV provides insight
into the relative complexity of AV and CV as well as
that of MCV and UCV.

For example, in terms of the number of basic factors
(and variables) associated with each factorization, the
increase in complexity from AV to MCV—and from
MCYV to UCV—appears relatively modest. However,
in terms of the number of factorizations or the total
number of basic factors, this increase in complexity
appears quite substantial. In any event, these indices
provide the basis for a quantitative assessment of the
relative complexity of these (and other) verification
problems. '

It also is useful to consider the structure of the basic
factors associated with the respective frameworks. This
objective can be achieved by recognizing that each basic
factor is a univariate distribution conditional on k
variables (k =0, 1, 2, 3). Information concerning this
characteristic of the frameworks for AV, MCV, and
UCYV is summarized in Table 1b. The basic factors for
AV are two marginal distributions and two distribu-
tions conditional on one variable. On the other hand,
the basic factors for UCV are 4 marginal distributions,
12 distributions conditional on 1 variable, 12 distri-
butions conditional on 2 variables, and 4 distributions
conditional on 3 variables.

As yet no mention has been made of the nature of
the basic variables (continuous, discrete) or the type
of forecasts (probabilistic, nonprobabilistic). Com-
plexity, as defined here, does not depend on these fac-
tors. That is, the complexity of verification problems
is independent of the nature of the variable and the
forecast type. As we shall discover in section 3, this
statement does not hold for the dimensionality of ver-
ification problems.

3. Dimensionality of verification problems

For the purposes of this discussion of the dimen-
sionality of verification problems, it will be assumed
that the basic distributions of interest here [i.e.,
p(f, x) in the case of AV, p(f, g, x) in the case of
MCV, and p(f, g, x, y) in the case of UCV] are de-
scribed by joint (2-variable, 3-variable, and 4-variable)
empirical relative frequencies derived from a relevant
sample of forecasts and observations. These relative






