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ABSTRACT

From the theory of sufficient comparisons of experiments, a measure of skill is derived for categorical forecasts
of continuous predictands. Called Bayesian correlation score (BCS), the measure is specified in terms of three
parameters of a normal-linear statistical model that combines information from two sources: a prior (clima-
tological) record of the predictand and a verification record of forecasts. Three properties characterize the BCS:
(i) It is meaningful for comparing alternative forecasts of the same predictand, as well as forecasts of different
predictands, though in a limited sense; (ii) it is interpretable as correlation between the forecast and the predictand;
and, most significantly, (iii) it orders alternative forecast systems consistently with their ex ante economic values
to rational users (those who make decisions by maximizing the expected utility of outcomes under the posterior
distribution of the predictand ). Thus, by maximizing the BCS, forecasters can assure a utilitarian society of the

maximum potential economic benefits of their forecasts.

1. Introduction
a. Skill measures

The performance of a forecast system is often char-
acterized in terms of two attributes of forecasts: the
lead time and the skill. The lead time of a forecast is
the time interval elapsed from the instant up to which
the data for preparing the forecast have been observed
to the earliest instant at which the actual state of the
predictand could be observed. The skill of a forecast
lacks a unique definition. Instead, it is customarily de-
fined in terms of some measure designed to capture
one’s intuitive notion of the forecast skill, quality,
goodness, or informativeness—the attributes which we
shall view here as synonyms.

Among frequently encountered skill measures for
categorical forecasts of continuous predictands, one
finds (Murphy and Daan 1985; Murphy and Epstein
1989): (i) a metric of distance between the forecasted
and the actual state, such as the mean square error or
the mean absolute error; (ii) a statistic of association,
such as covariance or correlation; and (iii ) a normalized
metric of distance—a skill score. For a fixed lead time,
a skill score enables one to compare the performance
of different forecast systems, or to gauge the perfor-
mance of a given system relative to two limiting cases:
a perfect forecast, specifying the actual state; and a na-
ive forecast, specifying a mean of the state (as in a
climatological forecast) or an extrapolation of the latest
state observation (as in a persistence forecast).
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Popular skill measures have two snags. First, different
skill measures may imply different preference orderings
of alternative forecast systems, and there are no nor-
mative principles for rationally reconciling such in-
coherences. Second, these skill measures have no as-
sured relevance to the actual or potential uses of fore-
casts in decision making: planning, management, and
operation of weather-sensitive activities. That is to say,
a modification of the forecast system perceived as an
improvement by forecasters on the basis of a skill mea-
sure does not necessarily imply an improvement to the
users. The converse is also true: a deterioration of the
skill measure does not necessarily imply inferior fore-
casts to their users.

b. Utilitarian criterion

In a utilitarian society, the ultimate measure for
evaluating and comparing systems producing forecasts
for public use, at a fixed cost, is the ex ante economic
value of forecasts. This value is a function of both the
lead time and the skill of forecasts. When comparing
alternative forecast systems, or alternative improve-
ments of a given system at a specified cost, one should
choose the alternative assuring society of the highest
economic value. This value is equal to the sum of the
economic values accrued by all forecast users. Inas-
much as each user has his own utility function for out-
comes of his activity, the utilitarian approach neces-
sitates performing a decision analysis for each individ-
ual user. This is an enormous undertaking. In practice,
the decision analysis is performed for a few represen-
tative users, and the results are extrapolated to a POpP-
ulation (Krzysztofowicz and Davis 1983); for agricul-
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tural users, the decision analysis is performed per acre
of crops, so the results can be extrapolated to a region
(Katz et al. 1982). But even such approximate analyses
may be too costly for routine evaluations of forecast
systems.

Recent developments in Bayesian decision theory
offer a promise. They have led to operationalizations
of the binary relation of sufficiency that enables one
to order alternative forecast systems according to the
utilitarian criterion, yet without the necessity of esti-
mating the economic values themselves. A practical
procedure for establishing such a preference order is
the subject of this article.

¢. Overview

The procedure is developed for forecasts which are
categorical, in the sense that they do not convey the
degree of uncertainty, but specify only point estimates
of continuous predictands such as temperature or pre-
cipitation amount. Two measures of skill, sufficient for
ordering alternative forecasts consistently with their ex
ante economic values to the users, are derived in pro-
gression: the sufficiency characteristic (SC), for order-
ing forecasts of the same predictand; and the stan-
dardized sufficiency characteristic (SSC), for ordering
forecasts of different predictands. The SSC implies the
SC. Next, a relationship is derived between the SSC
and a Bayesian estimator of correlation between the
forecast and the predictand. Taking advantage of this
relationship, we propose the Bayesian correlation score
(BCS) as a utilitarian measure of forecast skill. A plot
of the BCS versus the lead time of the forecast sum-
marizes the performance tradeoffs available to the
users.

The procedure is illustrated with numerical examples
for forecasts of runoff volumes during the snowmelt
season prepared by the Soil Conservation Service and
the National Weather Service. The snowmelt season
covers several months, depending on the geographic
location: from January to May in Arizona, from April
to September in Montana. Forecasts are issued at the
beginning of each month from January through May
for 533 river gauging stations in 11 western states. The
first forecast is thus prepared with the lead time of 5-
9 months, depending upon the location. Each subse-
quent forecast is a revision of the earlier forecast. An
example referred to throughout the article is based on
the verification record for a gauging station on the
Weiser River near Weiser, Idaho. The snowmelt season
covers four months from April through July; the unit
in which the runoff is expressed, both forecasted and
actual, is the percentage of the 25-yr (1961-1985) mean
seasonal runoff volume (414 100 acre-feet).

2. Models of predictand and forecasts

We begin with a description of models that provide
statistics necessary for defining the skill measures.
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There are two models: the model of a predictand, called
the prior distribution; and the model of forecasts, called
the likelihood function.

a. Prior distribution

Let w denote a continuous predictand. The uncer-
tainty about w that exists before the preparation of any
forecast is described by a prior probability density
function g. Suppose this density is normal with the
mean and variance:

E(e) = M,
var(w) = S2. (D)

The prior parameters M and .S may be estimated from
a climatological record. In principle, this should be the
longest record available that satisfies the hypothesis that
the process generating w has been stationary.

b. Likelihood function

A categorical forecast specifies a point estimate x of
w. Let f( x| w) denote the relationship between state w
and its forecast x. For a fixed w, the function f(- |w)
represents the probability density function of the fore-
cast x. For a fixed x, the function f( x| +) represents
the likelihood function of the state w. The likelihood
functions characterize the predictive capabilities of the
forecaster from the viewpoint of a user.

We shall concentrate on a particular form of f; aris-
ing when the relationship between w and x is modeled
in terms of a linear equation

x=aw+ b+, (2)

where a and b are fixed parameters, and 6 is a random
variable, stochastically independent of w, and having
a normal density k with moments

E@)=0,

var(9) = ¢2.

3)

Consequently, the likelihood function is specified by
the relation: f( x|w) = k(x — aw — b). It follows that
f(+ |w) is a normal density with moments

E(x|lw)=aw + b,

var(x|w) = o2

(4)

The likelihood parameters a, b, and ¢ may be es-
timated via the least-squares method applied to a his-
torical or simulated record of forecasts and actual states.
An illustration of the procedure in Fig. 1 shows the
sample points, a plot of the conditional mean E(x|w)
versus w (the regression line), and estimates of the pa-
rameters.

The posterior distribution of the state w, conditional
on forecast x, is not needed for our development. Nev-
ertheless, it is presented in appendix A for the sake of
completeness. Forecasters may employ it as a cali-
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FiG. 1. Estimation of the likelihood function for a seasonal runoff
volume forecast. (Weiser River, January forecast, historical record
1971-1988.)

brating filter, while users may input it into their deci-
sion procedures.

¢. Likelihood parameters

The normal-linear model of forecasts plays an im-
portant practical role: it enables us to summarize the
entire verification record in just three parameters that,
from a decision-theoretic point of view, completely
characterize the forecaster’s predictive capabilities. If
forecasts were perfect, then we would have a = 1, b
=0, and o = 0. If forecasts were randomly generated
from an arbitrary distribution having mean N and
standard deviation T, then we would obtain a = 0, b
= N, and ¢ = T; such forecasts would be worthless, of
course. These limiting cases suggest an interpretation
of the likelihood parameters: the slope a measures
forecast information (or “signal” carried by the fore-
cast), while the standard deviation ¢ measures forecast
uncertainty (or “noise” in the forecast). Intuitively,
one may anticipate that as the signal increases and the
noise decreases, forecasts become more valuable. We
shall revisit this interpretation after deriving the sup-
porting mathematical expressions.

Per traditional definition, forecasts are said to be
unbiased if E(x) = E(w). Accordingly, the intercept
b could be interpreted as a conveyor of the forecast
bias. A bias is present whenever b # (1 — a)M, the
condition that arises as follows. Under model (1)-(3),
the mean of the predictand is E(w) = M, while the
mean of the forecast, derived in appendix A, is E(x)
= gM + b. Hence, when forecasts are unbiased, we
find b = (1 — a) M; and since the intercept b is a func-
tion of the slope a, just two parameters, @ and o, sum-
marily characterize the forecaster.

As a property of categorical forecasts, the unbiased-
ness, in the sense of E(x) = E(w), is inconsequential
to rational users, while it may be either desirable or
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detrimental for other users, depending upon the nature
of their decision rules and shapes of their utility func-
tions. These facts explain why the parameter b will not
appear in the skill measures derived from the utilitarian
point of view. (Other users are those who employ sub-
optimal decision rules, of which there are many; for
instance, a common suboptimal rule is to ignore fore-
cast uncertainty and prescribe a decision as if the cat-
egorical forecast were perfect.)

d. Forecast error

To further interpret the normal-linear model of
forecasts, it is helpful to consider the forecast error: e
= X — w. A simple transformation of (2) gives

e=(a— Dw+b+0. (5)

Two cases may be distinguished. If ¢ # 1, then the
error e depends linearly on the actual state w. If @ = 1,
then e is stochastically independent of w. The density
of ¢, conditional on w, is normal with moments:
E(elw)=(a— 1w+ b,
var(e|w) = o°.

(6)

The marginal density of ¢ is again normal with mo-
ments:

E(e)=(a— )M+ b,
var(e) = (a — 1)°8? + o2 (7N

A popular measure of forecast skill is the mean
square error

E(€?) = var(e) + E*(¢), (8)
or its transformation, the quadratic score
_ E(e?)
Qs =1 var(w) ’ )

where var(w) = E[(M — w)?] = S? represents the mean
square error of a forecast that always specifies the cli-
matological mean E(w) = M. Relations (7)-(9) reveal
the structure of both measures in terms of the param-
eters of the prior distribution and the likelihood func-
tion. We shall demonstrate later that, unless the forecast
and the posterior mean coincide, x = E(w| x), the
mean square error and the quadratic score are not ra-
tional measures of forecast skill from the utilitarian
point of view.

3. Decision-theoretic framework

a. Dominance order of forecasts

Suppose each user makes a decision based on fore-
cast x by following the Bayesian principles of rationality
(Harsanyi 1978). Accordingly, having assessed his prior
density g and estimated the likelihood functions f, the
user obtains the posterior density of the state w, con-
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ditional on forecast x, and then finds the optimal de-
cision that maximizes his expected utility of outcomes
under the posterior density. The ex ante economic
value of the forecast depends thus upon three elements
of the user’s decision model: the prior density g, the
likelihood functions f, and the utility function # (which
encodes the user’s preferences for outcomes of his de-
cisions).

Let us turn now to the problem of comparing two
forecast systems, say i and j, producing, with identical
lead times, forecasts x; and x; of the same predictand
w. In general, the ordering of forecasts in terms of their
economic values is user dependent. We are interested,
though, in a special situation wherein each user indi-
cates the same preference order between x; and x;. For
if such a unanimous order exists, it is the preferred
order for society as a whole. Formally, this situation is
described as follows:

Definition. Forecast x; dominates forecast x; if for
every prior density g and utility function u, forecast x;
has an economic value at least as high as forecast x;.

The question now arises whether it might be possible
to infer the dominance order between forecasts x; and
x; solely from their likelihood functions f; and f;. This
avenue is investigated next.

b. Relation of sufficiency between forecasts

A preference order between forecasts, consistent with
their dominance order, may be established via a binary
relation of sufficiency defined in terms of the likelihood
functions. Introduced originally by Blackwell (1951,
1953) for the purpose of comparing statistical experi-
ments, the concept of sufficiency has been recently re-
vived and applied in comparisons of forecasts by Al-
exandridis and Krzysztofowicz (1982), DeGroot and
Fienberg (1982, 1986), Ehrendorfer and Murphy
(1988), Krzysztofowicz and Long (1990), and others.

Definition. Forecast x; is sufficient for forecast x; if
there exists a stochastic transformation—a family of
conditional densities ¥, such that for every w and x;,

fsle) = [ Woglzoficulords.  (10)

Insight into the sufficiency relation may be obtained
by considering the task of simulation of forecasts
(DeGroot 1970, p. 434; Alexandridis and Krzyszto-
fowicz 1982). For a fixed state w, forecast x; can be
generated from the density f;(+ |w). Forecast x; can be
generated either in one step from the density f(- |w)
or, according to (10), in two steps. First, x; is generated
from f; (- |w); next, given this x;, x; is generated from
(- | x;). Thus, in comparison with the generator of
X;, the two-step generator of x; involves an auxiliary
randomization. One may expect, therefore, that this
“additional randomness™ of forecast x;, in comparison
with forecast x;, will translate into a consistent differ-
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ence in the evaluation of performance. This is indeed
the case, as Blackwell’s theorem attests: if forecast x;
is sufficient for forecast x;, then x; dominates x;.

We shall next harness this general theoretical frame-
work for comparing forecasts in rationalizing a new
measure of the forecast skill. This measure evolves
through three forms, and we derive them progressively.

4. Sufficiency characteristic

Suppose a forecast is characterized in terms of the
likelihood function (2)~(4). The sufficiency charac-
teristic (SC) of such a forecast is defined as the ratio
of the conditional standard deviation of the forecast
error (a measure of “noise” in the forecast) to the ab-
solute value of the slope coefficient of the regression
line between the forecasted and actual states (a measure
of “signal” carried by the forecast):

sc=-2
lal

(11)

The units of the SC are the same as the units of the
forecast x. For the perfect forecast, SC = 0. For the
forecast produced by guessing, or a random number
generator, SC = co.

In order to rationalize the SC as a measure of the
forecast skill, let us suppose that the predictand w is
forecasted by two systems, say i and j. System n (n
= i, j) issues forecast x,, having likelihood parameters
(a,, b,, ¢,) and the sufficiency characteristic SC, = o,/
|a,]. The comparison of these forecasts is governed by
the following theorem (Krzysztofowicz 1987): Forecast
x; is sufficient for forecast x; if, and only if,

SC; < SC;. (12)

Now recall that if forecast x; is sufficient for forecast
X;j, then x; dominates x;. Consequently, the ordering
of alternative forecasts in terms of their SCs (from the
lowest to the highest) coincides with the ordering of
forecasts in terms of their ex ante economic values
(from the highest to the lowest) for each user, and
thereby for society as a whole.

In summary, a forecaster who evaluates his perfor-
mance in terms of the SC, and who chooses a new
forecast system or an improvement of the existing sys-
tem by minimizing the SC, acts as if he were maxi-
mizing the ex ante economic benefit of forecasts to
each user. In that sense, the SC constitutes a sufficient
measure of the forecast skill from the utilitarian point
of view.

5. Standardized sufficiency characteristic

a. Motivation and definition

In some situations, it may be desirable to compare
the performance of forecasts of different predictands.
Evaluations of seasonal snowmelt runoff forecasts call
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for such comparisons. For instance, the Yellowstone
River near Billings, Montana, receives in January a
forecast of the runoff volume during April-September,
and in May a forecast of the runoff volume during
May-September. Thus, not only is the lead time of
these forecasts different, but also the predictand. In
other situations, one may wish to compare the perfor-
mance of forecasts of the same quantity, say daily
maximum wind speed, for different stations. Still in
other situations, it may be important to compare the
performance of forecasts of different quantities, such
as the mean seasonal temperature and the mean sea-
sonal precipitation, in order to prioritize the needs for
improving various forecasting services.

Suppose a predictand has the prior density specified
by (1) and its forecast is characterized in terms of the
likelihood function (2)-(4). The standardized suffi-
ciency characteristic (SSC) of such a forecast is defined
as the ratio of the SC to the prior standard deviation
of the predictand: :

g
la| S~

The SSC is dimensionless. For the perfect forecast, SSC
= 0. For the forecast produced by guessing, or a random
number generator, SSC = 0.

SSC =

(13)

b. Interpretation

Let us now consider two different predictands and
their forecasts, both indexed by n(n = i, j). Predictand
wy has prior parameters (M, S,), and its forecast X,
has likelihood parameters (a,, b,, 0,) and the stan-
dardized sufficiency characteristic SSC,, = ¢,/]a,|S,.
In appendix B, we justify the following statement: fore-
cast x; of predictand w; is sufficient for forecast x; of
predictand w; if, and only if,

SSC; < SSC;. (14)

The interpretation of this sufficiency relation in
terms of economic values of forecasts is not straight-
forward. We are comparing not only different forecasts,
but also different predictands, which may have very
different uses in decision making. We must, therefore,
resort to an abstract concept of a standardized decision
problem. Imagine a user whose utility of outcomes de-
pends upon his decision and a standard normal variate
v ~ N(0, 1). This variate may be obtained from either
predictand through the usual standardization:

(15)

Likewise, the corresponding forecast of » may be ob-
tained:

(16)
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Furthermore, imagine that the user is free to choose
the predictand, w; or wj, that will generate » and con-
sequently the outcome of his decision. Since both pre-
dictands give the same prior distribution of v ~ N(O0,
1), they offer no basis for choice. If, however, the user
could obtain a forecast of either predictand, then he
could choose between z; and z;. In appendix B we prove
that condition (14) is equivalent to the statement: z;
is sufficient for z;. Next, Blackwell’s theorem may be
invoked to conclude that z; dominates z;. Therefore,
the user would prefer z; over z;. In other words, the
user would choose predictand w; as the outcome-gen-
erating variable and employ its forecast x; in decision
making,.

This interpretation of the sufficiency condition (14)
could be summarized like this: if forecast x; of predic-
tand w; is sufficient for forecast x; of predictand wj,
then, in every standardized decision problem, the pre-
dictand—forecast pair (w;, X; ) has the ex ante economic
value at least as high as the pair (w;, Xx;) does.

c. _Distinction between SSC and SC

Our final discussion is devoted to the distinction be-
tween sufficient comparisons of (i) forecasts of the same
predictand and (ii) forecasts of different predictands.
The first type of comparisons is solely between forecasts
and involves their likelihood functions. The second
type of comparisons is between predictand-forecast
pairs and involves both the prior distributions and the
likelihood functions. To illuminate these distinctions,
let us consider, for instance, forecasts of daily maxi-
mum wind speed for two locations, say i and j. Suppose
that from climatological records one estimated S; > S;,
implying a larger natural variability in the first location.
Furthermore, suppose that from forecast verification
records (which need not overlap with the climatological
records) one estimated (a;, o;) and (a;, o;) and found
SC; = SC,. Hence, SSC; < SSC;, demonstrating that
when the climatological variability of the predictands
is taken as a benchmark, the forecast for location i
exhibits a higher skill than the forecast for location j.
This preference order may also be interpreted in terms
of economic values of forecasts, though in a restricted
sense, applying only to users confronted with a stan-
dardized decision problem.

6. Bayesian correlation score

The SC and SSC have been presented in their par-
simonious forms. Inasmuch as both characteristics are
ordinal scales, they may always be transformed mono-
tonically, without affecting the resultant preference or-
der of forecasts. While the admissible transformations
are endless, there is one that we wish to explore because
it establishes an insightful relationship between the SSC
and a Bayesian estimator of correlation between the
forecast and the predictand.






